ABSTRACT. In this article we study two "strong" topologies for spaces of smooth functions from a finite-dimensional manifold to a (possibly infinite-dimensional) manifold modelled on a locally convex space. Namely, we construct Whitney type topologies for these spaces and a certain refinement corresponding to Michor's F D-topology. Then we establish the continuity of certain mappings between spaces of smooth mappings, e.g. the continuity of the joint composition map. As a first application we prove that the bisection group of an arbitrary Lie groupoid (with finite-dimensional base) is a topological group (with respect to these topologies). For the reader's convenience the article includes also a proof of the folklore fact that the Whitney topologies defined via jet bundles coincide with the ones defined via local charts.
INTRODUCTION AND STATEMENT OF RESULTS
This paper gives a systematic treatment of two topologies for spaces of smooth functions from a finite-dimensional manifold to a (possibly infinite-dimensional) manifold modeled on a locally convex space.
In particular, we establish the continuity of certain mappings between spaces of smooth mappings, e.g. the continuity of the joint composition map. As a first application we prove that the bisection group of an arbitrary Lie groupoid (with finite-dimensional base) is a topological group. For the most part, these results are generalizations of well known constructions to spaces of smooth functions with infinite-dimensional range. We refer to [Ill03, Mic80, Hir94] for topologies on spaces of smooth functions between finite-dimensional manifolds.
To understand these results of the present article, recall first the situation for spaces of smooth functions between finite-dimensional manifolds. For 0 ≤ r ≤ ∞, let C r (M, N) denote the set of r-times continuously differentiable functions between manifolds M and N In the case where r is finite, the standard choice for a topology on C r (M, N) is the well known Whitney C r -topology (cf. [Ill03, Hir94] ). For r = ∞ and M non-compact there are several choices for a suitable topology. One can for example choose the topology generated by the union of all Whitney C r -topologies. We call this topology the strong C ∞ -topology and write C ∞ S (M, N) for the smooth functions with this topology. 1 Note that each basic neighborhood of the strong C ∞ -topology allows one to control derivatives of functions only up to a fixed upper bound. However, in applications one wants to control the derivatives of up to arbitrary high order (this is made precise in Section 1). To achieve this one has to refine the strong topology, obtaining the very strong topology 2 in the process (cf. [Ill03] for an exposition). We denote by C ∞ vS (M, N) the smooth functions with the very strong topology and note that this topology is fine enough for many questions arising from differential topology. 1 The strong topology is in the literature often also called the "Whitney C ∞ -topology". Following Illman in [Ill03] , we will not use this naming convention as it can be argued that the strong C ∞ -topology is not a genuine C ∞ -topology. See ibid. for more information. 2 In [Mic80] this topology is called the D-topology.
Unfortunately, as is argued in [Mic80] this topology is still not fine enough, if one wants to obtain manifold structures on C ∞ (M, N) (and subsequently on the group of diffeomorphisms Diff(M)). Hence Michor constructed a further refinement of the very strong topology, called the F D-topology. In the present paper, we call this topology the fine very strong topology and denote the space of smooth functions with this topology by C ∞ fS (M, N).
Note that the topologies discussed so far coincide if the source manifold is compact. In fact in this case, all of these topologies coincide with the compact open C ∞ -topology (see e.g. [Nee06, Definition 5.1]). The compact open C ∞ -topology for infinite-dimensional target manifolds is already well understood and has been used in many investigations, for example in infinite-dimensional Lie theory, e.g. [Glö02] . Hence our investigation will only turn up new results for non-compact source manifolds and infinite-dimensional target manifolds.
We will now go into some more detail and explain the main results of the present paper. Our aim is now to generalize the construction of the very strong and fine very strong topology to the set of smooth functions C ∞ (M, X ), where X is a locally convex manifold.
Here smooth maps are understood in the sense of Bastiani's calculus [Bas64] (often also called Keller's C r -theory [Kel74] ). We refer to [Mil83, Glö02, Nee06] for streamlined expositions, but have included a brief recollection in Appendix A.
Working in this framework we construct the very strong and the fine very strong topology for C ∞ (M, X ), where M is finite-dimensional and X is a locally convex manifold. Our exposition mostly follows Illman's article [Ill03] and we adapt his arguments to our setting. In particular, we describe the topology in terms of local charts as in [Ill03] (cf. also [Hir94] ). For finite-dimensional manifolds one can alternatively introduce the topology using jet bundles and it is well known that both approaches yield the same topology. This fact seems to be a folklore theorem, but we were not able to locate a proof in the literature. As this fact is needed later on, a proof is given in Appendix C. The advantage of the approach using local charts can be summarized as follows: Arguments and proofs often split into two distinct steps. First one establishes a property of the function space topology only for the (easier) special case of vector space valued smooth mappings. Then a localization argument involving manifold charts allows one to establish the result for smooth maps between manifolds.
To our knowledge the topologies discussed in the present paper have so far only been studied for finite-dimensional manifolds. A topology somewhat similar to the very strong topology but for infinite-dimensional manifolds can be found in [KM97, Section 41] . Albeit the similar look, be aware that the jet bundles used in the construction are only manifolds in the inequivalent convenient setting of calculus. In particular, the topology in loc.cit. does not coincide with the one constructed here if M is non-compact (cf. [KM97, 42. 2 Remarks]). We refer to Remark 1.12 for related topologies on function spaces between Banach manifolds. For finite-dimensional manifolds, our construction recovers exactly the ones in the literature. We exploit this and recall that the set Prop(N, N) ⊆ C ∞ (M, N) of all proper maps is open in the very strong and the fine very strong topology. Then one can establish continuity of certain composition mappings, in particular our results subsume the following theorem.
Theorem A Let M, N be finite-dimensional manifolds, X and Y be (possibly infinitedimensional) manifolds. In the following, endow all function spaces either with the very strong or the fine very strong topology. Then the joint composition
Further, for any smooth map h : X → Y , the pushforward
Having this theorem at our disposal, we construct an interesting class of topological groups: Suppose G = (G ⇒ M) is a Lie groupoid. This means that G, M are smooth manifolds, equipped with submersions α, β : G → M and an associative and smooth multiplication G× α,β G → G that admits a smooth identity map 1 : M → G and a smooth inversion ι : G → G. Then the bisections Bis(G ) of G are the sections σ : M → G of α such that β • σ is a diffeomorphism of M. This becomes a group with respect to (σ ⋆ τ)(x) := σ ((β • τ)(x))τ(x) for x ∈ M.
Many interesting groups from differential geometry such as diffeomorphism groups, automorphism groups and gauge transformations of principle bundles can be realised as bisection groups of suitable Lie groupoids. By construction Bis(G ) ⊆ C ∞ (M, G) and with respect to the topologies on the space of smooth functions we obtain the following.
Theorem B Let G = (G ⇒ M) be a Lie groupoid with finite-dimensional base M. Then (Bis(G ), ⋆) is a topological group with respect to the subspace topology induced by either the very strong or the fine very strong topology on C ∞ (M, G).
This result is a first step needed to turn the bisection group into an infinite-dimensional Lie group. In fact, it turns out that one can establish this result quite easily (see below) once Theorem B is available. The key step to establish the applications mentioned below, is to work out the continuity of certain composition mappings (which has been done in Theorem A). Then Proposition C and Theorem D below can be established using standard techniques from the literature. In the present paper we will be only concerned with properties of the topology on function spaces. Hence the next results are stated without a proof. We provide only some references to the literature and hope to provide details in future work.
Proposition C Let M be a finite-dimensional manifold and X be a possibly infinitedimensional manifold which admits a local addition.
3 Then C ∞ fS (M, X ) can be turned into a manifold modeled on spaces of compactly supported sections of certain bundles.
It turns out that once the space of smooth functions is endowed with the correct topology it is not hard to prove Proposition C. More details and references to literature containing the necessary auxiliary facts can be found at the end of Section 1. Proposition C generalizes [Mic80, Theorem 10.4] in so far as it admits arbitrary infinite-dimensional manifolds as target manifolds (whereas loc.cit. was confined to finite-dimensional targets). We remark that in [KM97, 42.4 Theorem] the smooth functions C ∞ (M, X ) for M and X as in Proposition C have been endowed with a manifold structure in the inequivalent convenient setting of calculus. However, following [KM97, 42. 2 Remarks] the topology on C ∞ (M, X ) used in the construction does not coincide with the fine very strong topology if M is non-compact. Hence both constructions are inequivalent even if both M and X are finite-dimensional (and M is non-compact).
The manifold structure provided by Proposition C allows one to establish the Lie group structure for a general class of bisection groups. Adapting arguments from [Mic80] and [SW15a] one can prove that
Theorem D The group of bisections of a Lie groupoid G = (G ⇒ M) with M finitedimensional and G a Banach manifold
4 is an infinite-dimensional Lie group.
This generalizes the construction from [SW15a] , where the group of bisections of a Lie groupoid with compact base was turned into an infinite-dimensional Lie group. Thus one obtains a conceptual approach to the Lie group structures of many groups which are of interest in differential geometry (e.g. automorphism groups and gauge transformation groups of principle bundles over a non compact base). Moreover, Theorem D is a crucial ingredient if one wants to extend the strong connection between Lie groupoids and infinite-dimensional Lie groups which was developed in [SW15b] .
THE VERY STRONG TOPOLOGY
In this section, we introduce the very strong topology on the space C ∞ (M, X ) of smooth maps from a finite-dimensional smooth manifold M to a possibly infinite-dimensional smooth manifold X . The very strong topology allows us to control derivatives of smooth maps up to arbitrarily high order on certain families of compact sets. This is a straightforward generalization of the very strong topology on the space of smooth maps between finite-dimensional manifolds as described in [Ill03] .
Notation and conventions. We write N := {1, 2, . . .} and N 0 := {0, 1, . . .}, and will only work with vector spaces over the field of real numbers R. Finite-dimensional manifolds are always assumed to be σ -compact, i.e. a countable union of compact subspaces (which for finite-dimensional manifolds is equivalent to being second countable). We always endow R n with the supremum norm · ∞ unless otherwise stated. We define B n ε (x) := {y ∈ R n : y − x ∞ < ε}. Notation and conventions regarding locally convex vector spaces, smooth maps, and infinite-dimensional manifolds is covered in Appendix A. Typically, M and N will be finite-dimensional smooth manifolds, X a smooth manifold modeled on a locally convex vector space, and E a locally convex vector space. Definition 1.1. Let E be a locally convex vector space, p a continuous seminorm on E, f : R m → E smooth, A ⊆ R m compact, r ∈ N 0 , and e 1 , . . . , e m the standard basis vectors in R m . Then define
where y = (y 1 , . . ., y k ).
In the definition above we require α ∈ {e 1 , . . . , e m } k . But for any α ∈ B n 1 (0) and a ∈ A and k ≤ r we have p(d (k) f (a; α)) ≤ K f (r, A, p) for some constant K depending only on r and m, by (3) in Proposition A.7.
If E = R n , any norm generates the topology on E and norms are in particular seminorms. By Proposition 1.13, the very strong topology is not affected if we always assume that the seminorm p on R n is the supremum norm · ∞ . In this case we simply write f (r, A) for f (r, A, · ∞ ).
Lemma 1.3 (Triangle inequality)
. Let E, p, A, r be as in Definition 1.1. Then the map
satisfies the triangle inequality. In fact it is a seminorm on C ∞ (R m , E).
Proof. Use linearity of d(−)(a, α) for fixed (a, α), and the fact that p satisfies the triangle inequality.
Definition 1.4 (Elementary neighborhood)
. Let E, p, and r be as in Definition 1.1, M an m-dimensional smooth manifold, X a smooth manifold modeled on E. Consider f : M → X smooth, (U, φ ) a chart on M, (V, ψ) a chart on X , A ⊆ U compact such that f (A) ⊆ V , and ε > 0. Define
We call this set an elementary C r -neighborhood of f in C ∞ (M, E).
Conventions for elementary neighborhoods
If X = R n , we will assume that p is the supremum norm and omit the p when writing down the elementary neighborhoods.
When there is a canonical choice of charts for our manifolds, e.g. if X = E is a locally convex vector space, we omit the obvious charts when writing down elementary C r -neighborhoods. Thus for f : M → E we write e.g.
Further, the conditions enable us to control the open sets into which a (given) compact set is mapped, i.e. the kind of control provided by the well known compact open topology (cf. [Nee06, Definition I.5.1]). Indeed, by restricting to elementary C 0 -neighborhoods, one would recover a subbase of the compact open topology on C ∞ (M, X ).
(2) We define elementary neighborhoods only for finite-dimensional source manifolds as the seminorms in Definition 1.1 make only sense for these manifolds. Compare Remark 1.12 for more information on alternative approaches to the topology which avoid this problem.
We now define what will become the basis sets in the very strong topology on C ∞ (M, X ). Definition 1.6 (Basic neighborhood). Let f : M → X be a smooth map from a finitedimensional smooth manifold M to a smooth manifold X modeled on a locally convex
where Λ is a possibly infinite indexing set, for all i the other parameters are as in Definition 1.4, and {A i } i∈Λ is locally finite. We call {A i } i∈Λ the underlying compact family of the neighborhood.
Without loss of generalization, Λ = N, since every locally finite family over a σ -compact space is countable.
As Proposition 1.8 show, the basic neighborhoods in C ∞ (M, X ) form a basis for a topology on C ∞ (M, X ). In order to prove the proposition we need the following lemma.
Lemma 1.7. Let f : M → X be smooth, and g
Note that d satisfies the triangle inequality by Lemma 1.3, and that h ∈ N is equivalent to d( f , h) < ε.
, and let N ′ be as in the statement of the lemma. If h ∈ N ′ , then
Hence h ∈ N , and N ′ ⊆ N .
Proposition 1.8. Let U and U ′ be basic neighborhoods of f and f
Hence the basic neighborhoods form a basis for a topology on C ∞ (M, E), called the very strong topology on C ∞ (M, E).
Proof. We may write
for some sets Λ and Λ ′ , where N i and N ′ i are elementary neighborhoods of f and f ′ , respectively. For all i ∈ Λ and j ∈ Λ choose as in Lemma 1.7 elementary neighborhoods
It remains to check that V is in fact a basic neighborhood of g. The set V is a basic neighborhood of g provided that the underlying compact family of V is locally finite. This is indeed the case since the underlying compact families of U and U ′ are locally finite and finite unions of locally finite families are locally finite.
The preceding proposition justifies the following definition.
Definition 1.9 (Very strong topology). The very strong topology on C ∞ (M, X ) is the topology on C ∞ (M, X ) with basis the basic neighborhoods in C ∞ (M, X ). The set C ∞ (M, X ) equipped with the very strong topology will be denoted by C ∞ vS (M, X ). Remark 1.10. We will work later on with C ∞ vS (M, E), where E is a locally convex space. To this end, we considered E as a manifold with the canonical atlas given by the identity. This may seem artificial at first glance as one in principle needs to take all "manifold charts" of E into account. Note however that by Lemma B.2 the very strong topology on C ∞ (M, E) is generated by all basic neighborhoods of the form
i.e. it suffices to consider elementary neighborhoods with respect to the identity chart. Hence the topology on C ∞ (M, E) is quite natural.
3. In the following, we will always assume that our elementary and basic neighborhoods are constructed with respect to the identity if one (or both) of the manifolds are a locally convex space.
Remark 1.11. There are other well-known topologies on C ∞ (M, X ). The strong topology (or Whitney C ∞ -topology) and the compact open C ∞ -topology (or weak topology) have as bases neighborhoods of the form described in Definition 1.6, with some additional restrictions. For the strong topology the collection {r i } i∈Λ of indices giving differentiation order is bounded, and for the compact open C ∞ -topology we require that the indexing set Λ is finite.
The very strong topology is finer than the strong topology which is finer than the compact open C ∞ -topology, and in the case that M is compact all of these topologies coincide (since every locally finite family meets a compact set only finitely many times). We refer the reader to section 2.1 in [Hir94] for information about the strong and compact open C ∞ topologies in the case that X is finite-dimensional. A comparison of the strong topology and the very strong topology can be found in the introduction of [Ill03] .
Since the very strong topology is finer than the strong topology, subsets of C ∞ ( where X and Y are Banach manifolds (i.e. modeled on Banach spaces). To this end one needs to redefine the seminorms generating the topology, which in the vector space case will take the following form:
If X ,Y are Banach spaces, f : X → Y smooth, r ∈ N 0 , and A ⊆ X compact define
where D k f denotes the k-th Fréchet derivative of f .
Here we use that every smooth Bastiani map is also smooth in the sense of Fréchet differentiability by [Mil83, Lemma 2.10]. It is easy to see that all statements made on elementary neighborhoods in the present section remain valid. Hence we obtain a very strong topology on smooth functions between Banach manifolds.
Note that one can prove as in Appendix C that the "very strong topology" constructed with respect to the seminorms (2) induces again the (original) very strong topology on
Unfortunately, for an infinite-dimensional Banach manifold X this topology does not allow us to control the behavior of functions "at infinity" (or anywhere for that matter since compact subsets of infinite-dimensional Banach spaces have empty interior). To see this recall that manifolds modeled on infinitedimensional Banach space don't have a locally finite compact exhaustion by the Baire category theorem.
Recall however, that one can define a Whitney C ∞ -topology for X ,Y Banach manifolds via jet bundles (see e.g. [Mic80, KM97] or Appendix C for a short exposition). As shown in [MROD92, Chapter 9], this topology then allows one to control the behavior of a function on all of X . The key difference is that the Whitney topology defined in this way controls the behavior of jets on locally finite families of closed sets. Obviously, one can not hope to describe it via the seminorms as the existence of the suprema in the seminorms is tied to the compactness of the sets. Even worse, for an infinite-dimensional manifold X and Y = E a locally convex space, the largest topological vector space contained in C ∞ (X , E) with respect to this topology is trivial (cf. [KM97, 437] ). For these reasons we work exclusively with the very strong topology for finite-dimensional source manifolds.
Additional facts about the very strong topology. Sometimes it is convenient to assume that the continuous seminorms p used in constructing very strong neighborhoods are of a certain form, as we have already remarked. There is no loss of generality in making such assumptions if the family of seminorms that we restrict to is "big enough". Proof. Let T be the very strong topology on C ∞ (M, X ) constructed with respect to all continuous seminorms on E, and let T ′ be the very strong topology on C ∞ (M, X ) obtained by restricting to seminorms in P. Then T ′ is obviously coarser than T since every p ∈ P is continuous, so it suffices to show that T is coarser than T ′ . This will be the case if for every basic T -very strong neighborhood U = i∈Λ
where each N i is an elementary T -very strong neighborhood
there exists a basic T ′ -very strong neighborhood U ′ of f such that U ′ ⊆ U .
Fix i ∈ Λ. By (2) in Proposition A.3 there exist n i ∈ N and p i,1 , . . ., p i,n i ∈ P and c i > 0 such that p i ≤ c i sup 1≤ j≤n i p i, j . And then
The following lemma is useful when constructing certain basic neighborhoods. The proof given here is fairly detailed, but throughout the remainder of this text the details of similar arguments will be omitted.
Lemma 1.14. Let M be a finite-dimensional smooth manifold, X a locally convex manifold, and f : M → X a smooth map. Suppose {K n } n∈N is a locally finite family of compact subsets of M. Then there exist families of charts {(V i , ψ i )} i∈N for X and {(U i , φ i )} i∈N for M, and a locally finite family {A i } i∈N of compact subsets of M such that
and {A n,x n,i } n,i have the desired properties. By relabeling the indices we can take the indexing set to be N.
Lemma 1.15. Let M be a finite-dimensional smooth manifold, X a smooth manifold modeled on a locally convex vector space E, and let U ⊆ M and V ⊆ X be open subsets. Consider the subspace C
(
Since U is an open subset of M, the subspace U is metrizable and locally compact, hence σ -compact. Combining Lemma B.4 and Lemma 1.14, we find a locally finite exhaustion {A n } n∈N of U by compact sets, charts {(U n , φ n )} n∈N for M, and charts
Take any continuous seminorm p on E and define
(2) Take an arbitrary basic neighborhood
We will show that given g ∈ res
is open. By Lemma 1.8 there are elementary neighborhoods of res vS (g) such that
Since M is finite-dimensional, whence paracompact, we can choose a neighborhood W of A and a smooth cutoff function ρ : M → R with ρ| W ≡ 1 and
Composing with a suitable translation, we may assume without loss of generality that ψ(V ψ ) is a convex 0-neighborhood. Suppressing the translation we can thus define
Now as g| W = f | W the identity (3) is satisfied.
COMPOSITION OF MAPS IN THE VERY STRONG TOPOLOGY
Throughout this section, M and N are finite-dimensional smooth manifolds and X denotes a smooth manifold modeled on a locally convex vector space E.
It is a desirable property of the very strong topology on
is continuous. But this is not the case in general, a counterexample can be found in Example 2.1. However, the restriction of the composition map
consisting of all the proper maps. This is precisely what Theorem 2.5 says, and proving it is the main goal of this section.
As we will see, the crucial property of proper maps needed is the fact that if {A i } is a locally finite family of subsets of M and f : M → N is proper, then { f (A i )} is locally finite. This will enable us to choose for a basic neighborhood V of some composition h • f in C ∞ vS (M, X ) basic neighborhoods U and U ′ of f and h, respectively, such that Γ(U × U ′ ) ⊆ V . The challenge is to choose U ′ in such a way that the underlying compact family of the neighborhood is locally finite.
We now give the promised counterexample to the statement that composition of maps in the very strong topology is continuous in general. This example is inspired by the proof of [Glö06, Proposition 2.2(b)].
Example 2.1. The composition map
Proof. Note that for every basic neighborhood U of f ∈ C ∞ vS (R, R) there exists a basic neighborhood U ′ of f with underlying compact family {[2n − 1, 2n + 1]} n∈Z such that f ∈ U ′ ⊆ U , since each compact interval [2n − 1, 2n + 1] intersects only finitely many sets belonging to the locally finite underlying compact family of U .
To show discontinuity of Γ it suffices to show discontinuity at (0, 0). Let V be the basic neighborhood of 0 given by
We will show that for any pair of basic neighborhoods
there exists a pair of functions
Construct h ∈ C ∞ (R, R) such that in a neighborhood of 0, h is given by the equation
, and such that supp h ⊆] − 1, 1[. For some sufficiently small k > 0 we will have kh ∈ U . For every m ∈ N define
and note that h m ∈ U , since
for j ≤ r 0 , where we use the notation g ( j) (y) = d ( j) g(y; 1, . . ., 1) for smooth maps g : R → R.
Let 2n ≥ r 0 + 1 and constructf ∈ C ∞ (R, R) such thatf (x) = x − 2n in a neighborhood of 2n and suppf ⊆]2n − 1, 2n + 1[. Then for some sufficiently small s > 0 we have f := sf ∈ U ′ .
So far we have a sequence {h
Having given the example above, we return our focus to the main task of the section, which is proving Theorem 2.5. Leading up to the theorem is a sequence of lemmata.
Although we are actually interested in mapping spaces between manifolds, we first give a lemma that only applies to vector spaces. In a sense, this lemma resolves the main difficulty, and generalizing to manifolds is only a matter of dealing with charts.
Lemma 2.2. Consider the composition map
Γ : C ∞ vS (R m , R n ) ×C ∞ vS (R n , E) → C ∞ vS (R m , E), ( f , h) → h • f . Let ( f , h) ∈ C ∞ vS (R m , R n ) ×C ∞ vS (R n , E),
and consider an arbitrary elementary neighborhood
Proof. Let A ′ be any compact neighborhood of f (A). We proceed in several steps.
Step 1. Our first goal is to define M . We want a δ > 0 such that for allf
By Lemma B.1 it is possible to choose δ such that the first property holds. We may choose δ such that the second property also holds, becausef
Observe that by the triangle inequality (Lemma 1.3) there exists an R > 0 such that everyf ∈ M satisfies f (r, A) ≤ R.
Step 2. Our second goal is to define M ′ . We want a δ ′ > 0 such that for allĥ ∈ C ∞ (R n , E) and allf ∈ M ,
A δ ′ having this property exists by Lemma B.1 and the observation at the end of step 1. Now define
Step 3. Now we must show that M and M ′ have the desired property. Letf ∈ M and h ∈ M ′ . By the triangle inequality,
A version of the preceding lemma still holds if we replace R m and R n with finitedimensional smooth manifolds and E with an infinite-dimensional smooth manifold. This is our next result.
Lemma 2.3. Given f ∈ C ∞ (M, N) and h ∈ C ∞ (N, X ) and an arbitrary elementary neighborhood
Moreover, given any neighborhood Q of f (A) we may choose the V j such that all V j ⊆ Q.
Proof. Since f (A) is compact we may choose finitely many sets
where D j and A ′ j are compact, and V j is a chart domain for a chart (V j , ψ j ) on N. Shrinking the V j we may assume that every V j ⊆ Q. Set
to obtain compact sets that satisfy
, and note that N = j N j . For each j apply Lemma 2.2 to the maps
j and the elementary neighborhoodÑ
to obtain elementary neighborhoods
of f and h, respectively. These neighborhoods correspond to each other in the sense that f ∈ M j if and only if
Now just observe that
Lemma 2.4. Consider smooth maps f ∈ C ∞ vS (M, N) and h ∈ C ∞ vS (N, X ) and a basic neighborhood U = i∈Λ N i , where each
} i∈Λ is locally finite, then there exist basic neighborhoods V and V ′ of f and h, respectively, such that
Here we use our assumption that finite-dimensional manifolds are σ -compact.
For each i ∈ Λ, Lemma 2.3 implies that there exist
Then {A i, j } i, j is locally finite by (2) and since {A i } i is locally finite, and {A ′ i, j } i, j is locally finite by (3) and since {Q i } i is locally finite. Hence
are basic neighborhoods of f and h, respectively, such that
Theorem 2.5. Let M and N be finite-dimensional smooth manifolds and let X be a smooth manifold modeled on a locally convex vector space E. Then the composition map
Proof. It suffices to show that given maps f ∈ Prop vS (M, N) and h ∈ C ∞ vS (N, E) and a basic neighborhood
So suppose that we are given f , h and U as above. Then { f (A i )} i∈Λ is locally finite since f is proper, by [Eng89, Lemma 3.10.11]. Thus we may apply Lemma 2.4 to obtain the desired neighborhoods V and V ′ .
Unfortunately, precomposition is not continuous in general as an examination of Example 2.1 reveals. However, precomposition by a proper map is continuous.
Proposition 2.6. Let f ∈ Prop vS (M, N). Then the following map is continuous
is also continuous.
We will now prove that postcomposition is always continuous. This result is needed even for postcomposition by a map f : X → Y between infinite-dimensional manifolds. Thus the next proposition can not readily be deduced from Theorem 2.5 (or the other results in this section) 
Proof. To see that f * is continuous, we proceed in several steps.
Step 1 Special elementary neighborhoods. Consider first an arbitrary elementary neigh-
. Now the open sets h −1 (W i ) cover A and thus there are finitely many compact sets K j such that A = j K j and h(K j ) ⊆ W i j . Thus we replace A by the finitely many compact sets. Note that this will ensure that the families of compact sets considered later remain locally finite. To shorten the notation, assume without loss of generality that there is a manifold chart (W, κ) of X such that h(A) ⊆ W and f (W ) ⊆ V . In particular, we can thus consider the mapping f
Step 2 
As the elementary neighborhoods form a subbase of the compact open C ∞ -topology, Lemma B.2 together with continuity of ( f
Recall from the proof of [Glö04, Proposition 4.23 (a)] that the compact sets A k are contained by construction in intC. Thus one easily deduces from (4) that
Summing up, we see that ( f * ) −1 (N ) is a neighborhood of h. Further, this finite family of neighborhoods controls the behavior of mappings only on a pre chosen compact set C (which depends of course on h).
Step 3 Preimages of basic neighborhoods are open Let M = i∈N N i be a basic neighborhood of f • h ∈ C ∞ (M,Y ) with {A k } k∈N its the underlying compact family. We will prove that for arbitrary g ∈ ( f * ) −1 (M ) the preimage is a neighborhood of g. 
Proof. Clearly ι is a bijection, and it is continuous by Proposition 2.7. We will prove that ι −1 is continuous, i.e. that ι is open. By (3) in Proposition A.3, the set P := {p • pr i : p is a continuous seminorm on E i } is a generating family of seminorms on
. By Proposition 1.13 we may assume that each p i ∈ P. Take an arbitrary i ∈ Λ. If p i = p • pr 1 for some continuous seminorm p on E 1 , let
Now suppose without loss of generalization that p i = p • pr 1 for some continuous semi-
So ι is open, and a homeomorphism.
Corollary 2.9. If Q is a compact smooth manifold, then following map is continuous
Proof. By Theorem 2.8 it suffices to show that the maps
The map χ 1 is constant in f , hence continuous, and the map χ 2 = pr * 2 . Since Q is compact, pr 2 is proper, so Proposition 2.6 implies that χ 2 = pr * 2 is also continuous.
THE FINE VERY STRONG TOPOLOGY
In the end, we would like a structure on C ∞ (M, X ) as a locally convex manifold, where M is a finite-dimensional smooth manifolds and X is a manifold modeled on a locally convex vector space E, but for this purpose the very strong topology is not fine enough. A first step in the direction of making C ∞ (M, X ) into a locally convex manifold would be having a similar structure on C ∞ (M, E). One might hope that C ∞ vS (M, E) itself with the vector space structure induced by pointwise operations would be a locally convex vector space. But as Corollary 3.3 points out, this is not the case when E is a (non-trivial) locally convex vector space and M is a non-compact manifold. However, we will see in the next section that the subspace of C ∞ vS (M, E) consisting of maps with compact support, denoted C ∞ vS,c (M, E), is a locally convex vector space. Following [Mic80] , we refine the topology on C ∞ vS (M, E) to obtain a structure on C ∞ (M, E) as a smooth manifold modeled on C ∞ vS,c (M, E). The resulting topology on C ∞ (M, E), or more generally C ∞ (M, X ), is called the fine very strong topology on C ∞ (M, X ). The space C ∞ (M, X ) equipped with the fine very strong topology is denoted C ∞ fS (M, X ).
Fortunately, the results of the previous sections are easily extended to hold in the fine very strong topology. This is done in Proposition 3.9.
It is a folklore fact (Proposition C.8) that in the finite-dimensional case, the very strong topology is equivalent to the D-topology as described in [Mic80, 36] . 6 Consequently, the fine very strong topology is equivalent to the F D-topology defined in [Mic80, 40] . Proposition 3.1. Let M be a finite-dimensional smooth manifold and E be a locally convex vector space. Consider a sequence { f n } n∈N ⊆ C ∞ vS (M, E) which converges in the very strong topology towards f ∈ C ∞ (M, E). Then there exist a compact K ⊆ M and an N ∈ N such that for all n ≥ N we have
, we will show that f cannot be a limit of { f n } if for all compact K ⊆ M and all N ∈ N there exists n ≥ N such that dif( f , f n ) K.
Let {A n } n∈N be a locally finite exhaustion of M by compact sets (exists by Lemma B.4 since M is σ -compact), and for n ∈ N set
Construct a basic neighborhood of f recursively, using the following procedure. Let
0. Take any x in this nonempty set. Since f (x) = f n i (x), there exists a continuous seminorm p i on E such that 2ε i := p i ( f n i (x) − f (x)) > 0, and then
Now U := i∈N N i is a basic neighborhood of f such that for all N ∈ N there exists n ≥ N such that f n / ∈ U . So the sequence { f n } n∈N does not converge to f .
Remark 3.2.
One can easily prove the proposition above for E a locally convex manifold rather than a locally convex vector space, by "hacking" the compact sets A i in the proof into smaller compact sets that are contained in charts.
Corollary 3.3. Let M be a finite-dimensional non-compact manifold and E = {0} a locally convex vector space. Then C ∞ vS (M, E) with the vector space structure induced by pointwise operations is not a topological vector space.
Proof. Let f ∈ C ∞ vS (M, E) be a non-zero constant map. Then Proposition 3.1 shows that lim λ →0 (λ f ) = 0 = (lim λ →0 λ ) f , hence scalar multiplication is not continuous. (M, X ) . In other words, equip C ∞ (M, X ) with the topology generated by the very strong topology and the equivalence classes. This is the fine very strong topology on C ∞ (M, X ). We write C ∞ fS (M, X ) for C ∞ (M, X ) equipped with the fine very strong topology. Remark 3.7. If f ∈ C ∞ (M, X ) is a proper map and f ∼f , thenf is also proper. Indeed,
Since closed subspaces of compact spaces are compact,f −1 (K) is compact.
We would obviously like the results of the previous sections to remain true in the fine very strong topology. Fortunately, it is easy to extend the results to this case using the following lemma. 
Proposition 3.9. Theorem 2.5, Proposition 2.6, Proposition 2.7, Theorem 2.8, and Corollary 2.9 still hold if we in every case replace the very strong topology with the fine very strong topology.

In the cases that we consider Prop vS (M, N), replace this with Prop fS (M, N), by which is meant the subset Prop(M, N) ⊆ C ∞ fS (M, N) equipped with the subspace topology.
Proof. The proof is case by case. In all cases except for the generalization of Theorem 2.8 and its corollary, it suffices by 3.8 to check that preimages of equivalence classes are open. Unless otherwise stated, letters (such as f or N) are always assumed to have the same role here as in the statement of the corresponding result.
Theorem 2.5 (the full composition map is continuous).
Suppose that f ∼f and h ∼ĥ. We
The right hand side is compact since f is proper, so supp(h • f ,ĥ •f ) is a closed subset of a compact space, hence compact. By definition this means that h • f ∼ĥ •f .
Consider an equivalence class
which is open.
Proposition 2.6 (precomposition is continuous).
If h ∼ĥ, then h • f ∼ĥ • f by the same argument as before. So for any equivalence class
Proposition 2.7 (postcomposition is continuous). If h,ĥ ∈ C ∞ (M, X ), then it is easy to see that supp( f • h, f •ĥ) ⊆ supp(h,ĥ). So if h ∼ĥ, then f • h ∼ f •ĥ, since closed subsets of compact spaces are compact. It follows that for any equivalence class
[g] ⊆ C ∞ (M, X ), we have ( f * ) −1 ([g]) = f •h∼g [h].
Theorem 2.8 (the product theorem).
For the same reasons as in the proof of the very strong version of the theorem, ι is clearly a bijective continuous map. So by Lemma 3.8 it suffices to show that images of equivalence classes are open. 
Corollary 2.9. Same proof as in the very strong case.
THE MANIFOLD STRUCTURE ON SMOOTH VECTOR VALUED FUNCTIONS
Throughout this section, M is a finite-dimensional manifold, E is a locally convex vector space, and X is a locally convex manifold.
Recall from Corollary 3.3 that C ∞ vS (M, E) with pointwise operations is not a locally convex vector space, in fact it is not even a topological vector space. Neither is C ∞ fS (M, E). However, we will in this section make C ∞ fS (M, E) into a locally convex manifold. This is a first step towards making C ∞ fS (M, X ) into a locally convex manifold (but we will not do this). The modeling space for C ∞ fS (M, E) as a locally convex manifold is C ∞ vS,c (M, E), defined below. Definition 4.1. We define C ∞ vS,c (M, E) to be the subspace of C ∞ vS (M, E) consisting of the functions with compact support, i.e.
As a first step towards proving that C ∞ vS,c (M, E) with pointwise operations is a locally convex vector space, we show that C ∞ (M, E) with pointwise addition is a topological group in the very strong and fine very strong topologies.
Lemma 4.2. Addition
is continuous when C ∞ (M, E) is equipped with the very strong topology or fine very strong topology.
Proof. We prove the assertion only for the very strong topology as the proof carries over verbatim to the fine very strong topology. By Theorem 2.8 there is a canonical homeomorphism ι :
Once we have established the following proposition, it will be easy to make C ∞ fS (M, E) into a locally convex manifold modeled on C ∞ vS,c (M, E). The hard work lies here.
Proposition 4.3. The topological space C ∞ vS,c (M, E) with vector space structure induced by pointwise operations in E is a locally convex vector space.
Proof. In Lemma 4.2 we showed that addition is continuous, and the topological space C ∞ vS,c (M, E) is Hausdorff since the compact open C ∞ -topology on C ∞ (M, E) is Hausdorff and the very strong topology is finer than the compact open C ∞ -topology. It is therefore only necessary to check that scalar multiplication is continuous in order to conclude that C ∞ vS,c (M, E) is a topological vector space. Finally, we must verify that this topological vector space is locally convex.
, and consider a basic neighborhood V = i∈Λ N i of λ f , where each
is an elementary neighborhood of λ f . We will show that there exists open sets I ⊆ R and U ⊆ C ∞ vS (M, E) such that µ(I ×U ) ⊆ V .
Since supp( f , 0) is compact, only finitely many A i intersect supp( f , 0), say only for i = i 1 , . . ., i n . Define ε := min(ε i 1 , . . . , ε i n ).
, p i j ), 1 and
Define m 2 := sup{|t| : t ∈ I}, and set U := i∈Λ
, and α ∈ {e 1 , . . . , e dim M } k , we have
The space is locally convex. We have now established that C ∞ vS,c (M, E) is a topological vector space. It remains to see that this topological vector space is locally convex. For r ∈ N 0 , (U, φ ) a chart on M, A ⊆ U compact, and p a continuous seminorm on E, define
This is a seminorm on C ∞ vS,c (M, E). Consider a family { · (r i , A i , (U i , φ i ), p i )} i∈Λ of such seminorms, where {A i } i∈Λ is locally finite. For some family {ε i } i∈Λ define q :
Every f ∈ C ∞ vS,c (M, E) has compact support, so supp( f , 0) intersects only finitely many of the A i , from which it follows that f (r i , A i , (U i , φ i ), p i ) = 0 for only finitely many i ∈ Λ. Hence q( f ) < ∞, so q is well-defined. Clearly q is a seminorm. Also q is continuous as for all λ > 0, the preimage q −1 [0, λ ) is a basic neighborhood of 0, e.g.
So every basic neighborhood of 0 arises as a preimage of a continuous seminorm. Consequently, C ∞ vS,c (M, E) is locally convex (see [Köt69, §18] ).
We will now provide an alternative description of the topology on C ∞ vS,c (M, E) as an inductive limit of certain locally convex spaces. This characterization also implies that C ∞ vS,c (M, E) is a locally convex space (thus providing an elegant proof of Proposition 4.3). Note however: Though the proof of Proposition 4.3 is a bit cumbersome, it is also completely elementary and does not use auxiliary results on inductive limits. Definition 4.4. Let K ⊆ M be a compact subset and E be a locally convex space. Then we define C However, we will not need this.
Denote by K (M) the set of compact subsets of M. Observe that as sets
We claim that the topology on the compactly supported functions is determined by the smaller locally convex spaces: To see this, recall that with respect to inclusion,
is continuous linear by definition of the topology. Hence we can form the locally convex inductive limit lim
(with respect to the canonical inclusions). Lemma 4.6. Let E be a locally convex space, then as locally convex spaces
we only have to prove that the topologies coincide. However, since M is σ -compact, [Glö04, Proposition 8.13 (d)] implies that a basis for the inductive limit topology on
is given by the basic neighborhoods of the very strong topology.
Proposition 4.7. For each class
[ f ] in C ∞ fS (M, E) define φ [ f ] : [ f ] → C ∞ vS,c (M, E) by φ [ f ] (g) = g − f . Then A = {(φ [ f ] , [ f ])} f ∈C ∞ (M,E) is a smooth atlas for C ∞ fS (M, E). Hence C ∞ fS (M, E)
is a smooth manifold modeled on C ∞ vS,c (M, E).
Proof. We will first show that every chart φ [ f ] is a homeomorphism. First of all, note that φ [ f ] is well-defined since g − f is smooth and compactly supported for g ∈ [ f ]. It is bijective with inverse φ
[ f ] are continuous by Lemma 4.2.
The chart domains of A cover C ∞ fS , whence we have to check that chart transformations are smooth. Let
Structurally, the manifold C ∞ fS (M, E) is just a collection of (affine) copies of C ∞ vS,c (M, E). For this reason, it is also called in [Mic80] a local topological affine space.
To construct a manifold structure on C ∞ fS (M, X ) for an arbitrary locally convex manifold X one needs a so called local addition on X (cf. [Mic80, KM97] ). A local addition replaces the vector space addition. It allows to "smoothly choose" charts on X (see [Sta13] for more information). The details are similar to [Mic80, Section 10] but require certain analytical tools (e.g. a suitable version of the Ω-Lemma, [Glö04, Appendix F]) 7 .
APPLICATION TO BISECTION GROUPS
In this section we use our results on the very strong and the fine very strong topology to turn certain groups into topological groups. The groups envisaged here are the bisection groups associated to certain Lie groupoids. A reference on (finite-dimensional) Lie groupoids is [Mac05] , see [SW15a, SW15b] for infinite-dimensional Lie groupoids. 
Definition 5.2 (Bisection group). The group of bisections Bis(G ) of a Lie groupoid
With this operation, the object inclusion 1 : M → G becomes the neutral element and the inverse of a section
Example 5.3.
(1) For a finite-dimensional manifold M, the unit Lie groupoid is the groupoid (M ⇒ M) with both source and target projection id M . The bisection group of this groupoid is trivial.
(2) Let M be a finite-dimensional smooth manifold. Then
with source projection α = pr 2 and target projection β = pr 1 is a Lie groupoid. Multiplication in the groupoid is given by (x, y)(y, z) = (x, z). Postcomposition β * induces an isomorphism Bis(P(M)) ∼ = Diff(M) of groups, where Diff(M) is the group of smooth diffeomorphisms of M. (3) Suppose G is a locally convex Lie group, and * is the one-point space. Then (G ⇒ * ) is a Lie groupoid with bisection group G.
To prepare the construction of a topological group structure on bisection groups, recall the following facts on diffeomorphism groups of finite-dimensional manifolds. In particular, we remark that the (subspace topology induced by the) fine very strong topology is the Lie group topology of Diff(M).
Proposition 5.5. If Bis(G ) is equipped with the subspace topology with respect to
Proof. We will prove that Bis(G ) becomes a topological group when equipped with the subspace topology with respect to C ∞ vS (M, G). The case where we consider the subspace topology with respect to C ∞ fS (M, G) can be proven identically, since we only use results that hold in both topologies. Let Ω : Bis(G ) × Bis(G ) → Bis(G ) be the multiplication map defined by Ω(σ , τ) = σ ⋆ τ, and let ι be the inclusion Bis(G ) → C ∞ vS (M, G). Observe that we can write
So ι • Ω can be written as a composition of continuous maps; the diagram
commutes. Here we have used that β * (Bis(G )) ⊆ Diff(M) ⊆ Prop(M, M) by definition of bisections. All of the maps represented by normal arrows in the diagram are continuous by results in the previous sections. Since ι • Ω is continuous, so is Ω. 
All maps represented by normal arrows are continuous. Thus ι • Φ and also Φ are continuous.
As noted in Remark 5.4, Diff(M) is a topological group with respect to the subspace topologies induced by the (fine) very strong topology on C ∞ (M, M). Thus we obtain the following morphisms of topological groups. Proof. Since β * :
is continuous, so is the (co)restriction of β * to Bis(G ) and Diff(M). The same argument holds in the fine very strong topology. The map β * is also a group homomorphism, since
The results of this section enable the construction of a Lie group structure on Bis(G ).
It is worth noting that the key step in constructing the Lie group structure is sorting out the topology of the function spaces. Using the manifold structure on C ∞ fS (M, G) (see comments in Section 4) one establishes the smoothness of joint composition and postcomposition with respect to these structures. Since Theorem A and the Ω-Lemma [Glö04, Appendix F] are at our disposal, one can copy exactly the arguments from the finite-dimensional case outlined in [Mic80, §10 and §11]. After that one can proceed as in [SW15a] and establish smoothness of the group operations following the proof of Proposition 5.5. Again, results of this type are beyond the scope of the present paper.
APPENDIX A. CALCULUS IN THE LOCALLY CONVEX SETTING
In this appendix we lay down the definitions, notation and conventions used throughout this article regarding locally convex vector spaces, infinite-dimensional manifolds, and smooth maps between such objects.
Locally convex vector spaces. Definition A.1.
(1) A real vector space E is a topological vector space if E is equipped with a Hausdorff topology turning both addition and scalar multiplication into continuous maps.
(2) A topological vector space E is called locally convex if every 0-neighborhood contains a convex 0-neighborhood.
Particularly useful for our purposes (constructing the very strong topology on a space of smooth functions into a locally convex vector space) is the perspective of a locally convex vector topology as generated by a suitable family of seminorms on the space.
Definition A.2. Let E be a locally convex vector space.
(1) A seminorm on E is a map p :
for all x, y ∈ E and all λ ∈ R. (2) A family P of continuous seminorms on E is called generating if E has the initial topology with respect to P. We list some properties of seminorms and families of such that are particularly useful for us. Proposition A.3 ( §18 in [Köt69] (1) If f and g are C r -maps, then g
The chain rule (2) is difficult to work with directly for higher order derivatives. But there is a way to circumvent this problem, by defining a map T j f in such a way that we have the identity
We also defineT j f as the projection of T j f onto the last 2 j − 1 coordinates, so that T j f (x; y 1 , . . . , y 2 j −1 ) = ( f (x),T j f (x; y 1 , . . ., y 2 j −1 ).
Manifolds modeled on locally convex vector spaces.
Definition A.9. A C 0 -manifold modeled on a locally convex vector space E is a Hausdorff topological space X which is locally homeomorphic to E.
By locally homeomorphic to E it is meant that any point x ∈ X has an open neighborhood that is homeomorphic to an open set in E.
Remark A.10. As opposed to the standard definition of finite-dimensional manifolds, we don't require that manifolds are σ -compact. However, we always assume that finitedimensional manifolds are σ -compact. For locally compact and locally metrizable Hausdorff spaces (which includes finite-dimensional manifolds), being σ -compact is equivalent to being second countable.
Just like in the finite-dimensional case, a C r structure on an infinite-dimensional manifold X is given by a choice of a C r -atlas, or more precisely an equivalence class of such.
Definition A.11. Let X be a C 0 -manifolds modeled on E. A C r -atlas for X is a collection
such that for any two elements (φ ,U ), (ψ,V ) ∈ A (called charts) for which U ∩V = / 0, the transition map
We define an equivalence class on the set of C r -atlases of X by declaring that A ∼ A ′ if A ∪ A ′ is a C r -atlas for X . Using (1) and (2) in Proposition A.7 one may check that this is indeed an equivalence relation. Given a specified equivalence class [A ] of C r -atlases for X , a chart in [A ] (or simply a chart for X ) is a chart in A ′ for some A ′ ∈ [A ]. Definition A.12. A C r -manifold X modeled on a locally convex vector space E (or just a locally convex C r manifold) is a C 0 -manifold modeled on E together with a chosen equivalence class of C r -atlases for X . Definition A.13 ( C r -map). Let f : X → Y be a map. Then f is a C r -map if for all x ∈ X and all pairs of charts (U, φ ) and (V, ψ) on X and Y , respectively, such that x ∈ U and
Products of manifolds, tangent spaces etc. can be defined for manifolds modeled on locally convex spaces as in the finite-dimensional setting. More information on this and on locally convex Lie groups (see below) can be found in [Nee06] .
Definition A.14 (Locally convex Lie group). Let G be a smooth manifold modeled on a locally convex vector space which is also a group. If these structures are compatible in the sense that group multiplication G × G → G and inversion G → G are smooth, then G is a locally convex Lie group.
APPENDIX B. AUXILIARY RESULTS FOR SECTIONS 1 AND 2
In this appendix we provide details and auxiliary results for the first two sections. Then there exists K > 0 such that for all smooth maps f : R m → R n and g :
Proof. The proof is naturally divided into two parts. Part 1. Our first goal is to control the size of T k f (see Definition A.8). Let m, n and r be given. The precise statement we want to show is that for all k with 0 ≤ k ≤ r and all a ∈ A, and for all z 1 , z 2 , . . ., z 2 k −1 ∈ {0, e 1 , . . . , e m } one has
where c ≥ 1 is a constant (depending only on r, m and n ) such that
Such a constant c exists by Proposition A.6. We prove the seemingly more general statement that for all non-negative integers i and j such that 0 ≤ i + j ≤ r one has
by induction on i + j. When i + j = 0, both i = 0 and j = 0, so the left hand side in inequality (5) is f (a) ∞ ≤ C, by the choice of c.
Now let k be a positive integer with 0 ≤ k ≤ r − 1 and assume that inequality (5) holds for all non-negative integers i and j with i + j ≤ k. If i + j = k + 1 and 1 ≤ j, then
by definition of T and the formula d(
This last inequality is just what we started with, but with i increased by one and j decreased by one. Iterating the argument above, we are left with the case i = k + 1 ≤ r and j = 0. This case holds by the choice of c. Part 2. Given 0 ≤ k ≤ r, a ∈ A, and y 1 , . . ., y k ∈ {e 1 , . . . , e m } ⊂ R m , we would like to control the size of d (k) (g • f )(a; y 1 , . . ., y k ). By Proposition A.6 there exist z 1 , . . . ,
where the second sum is taken over all increasing j-tuples α = (α 1 , . . ., α j ), each of the n α are fixed numbers as in Proposition A.6, pr α (t 1 , . . .,t 2 k −1 ) = (t α 1 , . . . ,t α j ), andT is as in Definition A.8. There exist λ j,i ∈ R such that
Note that every |λ i, j | ≤ C by part 1 of the proof and our choice of norm · ∞ ! We have
by (3) in Proposition A.7. Recall that p is a seminorm on E. From the preceding paragraphs we have
where the last inequality holds since
By definition of g • f (r, A, p) the assertion follows.
We now prove that for spaces of smooth functions to locally convex spaces it suffices to consider basic neighborhoods with respect to the identity charts.
Lemma B.2. Let M be a finite-dimensional manifold and E be a locally convex space.
Consider the topology T on C ∞ (M, E) generated by basic neighborhoods which arise from elementary neighborhoods of the form N r ( f ; A, (U, φ ), (E, id E ), q, ε). Then T coincides with the very strong topology on C ∞ (M, E).
Proof. Restricting our choice of charts on E to the canonical chart clearly generates a topology which is coarser than the very strong topology.
To see that it is also finer, consider first an arbitrary elementary neighborhood N =
Recall that the compact open C ∞ -topology (see [Nee06, Defintion I.5.1]) allows us to control the derivatives of functions on compact sets. We denote by C ∞ (M, E) co the vector space with this topology and note that the elementary neighborhoods of the very strong topology form a subbase of the compact open C ∞ -topology.
Now choose a compact neighborhood
Using the description of subbasic neighborhoods of the compact open C ∞ -topology in [Glö02] , we obtain elementary neighborhoods
Observe that the compact sets A k are contained by construction in intC. 8 Summing up, (6) together with Lemma 1.7 shows that every elementary neighborhood in
It is now easy to prove that every basic neighborhood is open in T . To this end let M = k∈N N k be a basic neighborhood around f ∈ C ∞ (M, E) with {A k } k∈N its the underlying compact family. Use [Čec66, 30.C.10] to construct for every A k a compact neighborhood C k such that {C k } k∈N is locally finite. Now we proceed for every elementary neighborhood N k as above (working with C k !). Since the family {C k } k∈N is locally finite, we thus end up with a basic neighborhood around f which is contained in T . As all basic neighborhoods of the very strong topology are open in T , the topology T is finer as the very strong topology. This proves the assertion. Lemma B.3. Let n ∈ N and E be a locally convex space. Consider the topology T on C ∞ (R n , E) generated by basic neighborhoods which arise from elementary neighborhoods of the form N r ( f ; A, (R n , id R n ), (E, id E ), q, ε). Then T coincides with the very strong topology on C ∞ (M, E).
Proof. Clearly restricting our choice of charts to id R n generates a topology coarser than the very strong topology. To see that T is also finer, consider an elementary neighbor-
Together with Lemma 1.7 this implies that for every h ∈ N there is δ > 0 with 
where
sym (R m , R n ) with respect to the operator norm for multilinear maps.
For a smooth map f : U → V we define
Definition C.2. Let M and N be finite-dimensional smooth manifolds. We define an rjet from M to N to be an equivalence class of pairs ( f , x), where f : M → N is a smooth map and x ∈ M. Two pairs ( f , x) and ( f ′ , x ′ ) are equivalent if x = x ′ and T r x f = T r x f ′ , where T r is the r-th tangent mapping. We write j r f (x) for the equivalence class of ( f , x). The set of all r-jets from M to N is denoted J r (M, N). To prove the Proposition we need to prove the following special case first. Hence we fix N r ( f ; A, (U, φ ), (V, ψ), p, ε). If necessary we shrink U to achieve f (U ) ⊆ V (while still A ⊆ U ). Thus we obtain a corresponding elementary neighborhood Since both instances of (φ −1 ) * • ψ * are homeomorphisms, and the rightmost identity map is a homeomorphism by Proposition C.8, the middle identity map is also a homeomorphism. From the second part of the proof of Proposition C.8 we derive that N r ( f | V U ; A, (U, φ ), (V, ψ), p, ε) indeed is a union of open sets of the form
. Now Lemma C.7 (3) implies together with the commutativity of (9) that also N r ( f ; A, (U, φ ), (V, ψ), p, ε) is a union of neighborhoods N) . We conclude that the very strong topology is coarser than the D-topology.
For the converse observe again, that by the definitions of the topologies it suffices to prove that every elementary D-neighborhood M r (A, O) is the union of elementary neighborhoods N r ( f ; A, (U, φ ), (V, ψ) , p, ε). Here we have invoked Lemma C.5 to see that it is indeed enough to consider the case A ⊆ (U, φ ) and O ⊆ J r (U,V ) for some charts (U, φ ) and (V, ψ). Hence, one can argue as in the first case, if one replaces Lemma C.7 (3) with Lemma 1.15 (3).
Summing up, the D-topology is also coarser than the very strong topology, whence they coincide on C ∞ (M, N) .
Note that we have not used in any essential way in this Appendix that the target manifold N is a finite-dimensional manifold. Indeed, all arguments readily generalize without changes to the case where N is a Banach manifold (and the source M is finitedimensional). In In particular, [Mic80, Remark 4.11] thus implies that C ∞ fS (M, N) will in general not be a Baire space. However by loc.cit., we then derive that for M and N finite-dimensional the topological space C ∞ fS (M, N) is paracompact and normal.
